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Abstract
We investigate the full set of equations of motion in double field theory and discuss their
O(D,D) symmetry and gauge transformation properties. We obtain a Ricci-like tensor, its
associated Bianchi identities, and relate our results to those with a generalized metric formu-
lation.
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1 Introduction and Summary
T-duality [1] is a property of string theory that arises from the existence of momentum and wind-
ing modes in toroidal compactification. This symmetry is captured by double field theory [2], which
doubles the set of coordinates: the usual coordinates xi associated with momentum states are supple-
mented by coordinates x˜i associated with winding states. The theory describes the massless subsector
of closed string theory focusing on gravity gij , antisymmetric tensor bij , and dilaton fields d, all of
which depend on xi and x˜i. With i, j = 1, 2, · · · ,D double field theory has a continuous O(D,D)
symmetry.1 The constraint L0− L¯0 = 0 of closed string theory has a field theory implication: ∂i∂˜i = 0
for all gauge parameters and fields. The strong version of this constraint requires that ∂i∂˜
i = 0 for all
possible products of gauge parameters and fields. Such constraint was imposed in [3] and [4].
1To be more exact, O(D,D) symmetry is the symmetry of double field theory when formulated in non-compact
spacetime R2D. For spacetime Rn−1,1×T d, where Rn−1,1 is n-dimensional Minkowski space and T d is a torus, the O(D,D)
symmetry breaks to O(n−1, 1)×O(d, d;Z). Since our notation covers both the non-compactified and compactified cases,
we will refer to the symmetry of either case as O(D,D).
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The background-independent double field theory action [4] is written in terms of Eij = gij + bij
and the dilaton d. The action is given by
S =
∫
dxdx˜ e−2d
[
− 1
4
gikgjlDpEklDpEij + 1
4
gkl(DjEikDiEjl + D¯jEkiD¯iElj)
+(Did D¯jEij + D¯id DjEji) + 4Did Did
]
,
(1.1)
where the calligraphic derivatives are defined as follows:
Di ≡ ∂i − Eik∂˜k , D¯i ≡ ∂i + Eki∂˜k. (1.2)
All upper indices are lowered by gij =
1
2 (Eij + Eji) and lower indices raised by gij = (gij)−1. The
action is invariant under (large) O(D,D) transformations that act as follows:
E ′(X ′) = (aE(X) + b)(cE(X) + d)−1 , d′(X ′) = d(X) , X ′ = hX , h =
(
a b
c d
)
∈ O(D,D). (1.3)
The gauge transformations which leave the action invariant are given by
δEij = Diξ˜j − D¯j ξ˜i + ξM∂MEij +DiξkEkj + D¯jξkEik ,
δd = −1
2
∂Mξ
M + ξM∂Md ,
(1.4)
where ξM∂M = ξ
i∂i + ξ˜i∂˜
i and ∂Mξ
M = ∂iξ
i + ∂˜iξ˜i .
Using the strong version of the constraint, the action (1.1) is also invariant under the following Z2
transformation:
Eij → Eji , Di → D¯i , D¯i → Di , d→ d . (1.5)
The action (1.1) can be rewritten in a manifestly Z2 symmetric way. (See (2.23).)
In this paper we investigate the invariance and the equations of motion of the action (1.1). We
focus on the O(D,D) symmetry and the gauge transformations. By varying the action with respect
to E , we first derive the Ricci-like tensor Kpq, whose vanishing is the equation of motion of E . The
E-variation of the manifestly Z2-symmetrized action gives the Z2-symmetric Kpq, which is given by
Kpq = 1
4
(∇sDsEpq + ∇¯sD¯sEpq − 2∇sDpEsq − 2∇¯sD¯qEps)− (∇¯qDpd+∇pD¯qd)
+
1
4
gjk(D¯qEpjDiEik +
1
2
D¯qEikDiEpj +DpEjqD¯iEki +
1
2
DpEkiD¯iEjq)
− 1
4
(D¯jEiqDiEpj + 1
2
D¯iEjiDjEpq + 1
2
D¯iEpqDjEji)− 1
4
gikgjlD¯qEijDpEkl.
(1.6)
Here the O(D,D) covariant derivatives ∇ and ∇¯ are defined as follows [4]: 2
∇iη¯j ≡ Diη¯j − Γk¯ij¯ η¯k ,
∇¯jηi ≡ D¯jηi − Γkj¯i ηk ,
(1.7)
2These covariant derivatives should be employed when more than one calligraphic derivatives are needed.
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where the Christoffel-like symbols are defined by
Γk¯
ij¯
=
1
2
gkl
(
DiElj + D¯jEil − D¯lEij
)
, Γkij =
1
2
gklDiEjl ,
Γk
i¯j
=
1
2
gkl
(
D¯iEjl +DjEli −DlEji
)
, Γk¯
i¯j¯
=
1
2
gklD¯iElj .
(1.8)
The theory has both unbarred and barred indices. The first index of Eij is unbarred and the second in-
dex is barred. The index of Di is unbarred while the index of D¯i is barred. The indices of gij are either
both unbarred or both barred. Throughout this paper, for notational simplicity we will not explicitly
display whether an index is unbarred or barred. Two different types of indices transform differently
under the O(D,D) transformation thus contractions between same-type indices are O(D,D) covari-
ant. It is manifest that Kpq is O(D,D) covariant from its index structure. However, it is generally
not true that the E-variation of an O(D,D) tensor is an O(D,D) tensor. Terms obtained from the
direct E-variation of the action (1.1) are not manifestly O(D,D) covariant. They were manipulated
to assemble in the manifestly O(D,D) covariant form shown above.
We derive the gauge transformation of Kpq from the gauge invariance of the action. The result is
as follows:
δKpq = LξKpq + Lξ˜Kpq + Epk(∂˜lξk − ∂˜kξl)Klq + Elq(∂˜lξk − ∂˜kξl)Kpk . (1.9)
This result is rewritten in terms of O(D,D) covariant derivatives and parameters in (4.20). From this
we infer that the gauge transformation of Kpq is manifestly O(D,D) non-covariant.
Contracted Bianchi identities can be derived from the gauge invariance of the action. We find[
∇p − 1
2
gps(D¯rEsr + 4Dsd)
]
Kpq + 1
2
D¯qR = 0 , (1.10)[
∇¯q − 1
2
gqs(DrErs + 4D¯sd)
]
Kpq + 1
2
DpR = 0 . (1.11)
These two Bianchi identities both reduce to the Bianchi identity in General Relativity when there is
no x˜ dependence. In this limit the equations of motion R = 0 and Kpq = 0 also reduce to the equations
of motion in General Relativity with gij , bij and a scalar field φ, where e
−2d ≡ √−ge−2φ. This setup
will be referred to as a conventional GR setup throughout this paper: the equations of motion and
the Bianchi identity in this setup can be found in Appendix C.
Our results are closely related to those in a generalized metric formulation [5]. In this formulation the
action (1.1) is written in terms of the generalized metric HMN instead of Epq. The direct variation of
the action with respect to HMN gives the tensor KMN , whose vanishing is not the equation of motion
since H is a constrained field. RMN is defined from KMN by implementing the constrained variation,
thus the vanishing of RMN gives the correct equation of motion. The gauge transformations of RMN
or KMN were not explicitly discussed in [5]. We first prove that RMN is a generalized tensor while
KMN is not. Following [9], reference [5] also discussed the vielbein formulation of the double field the-
ory whose frame fields eMA implement a local GL(D,R)×GL(D,R) symmetry. By gauge-fixing this
3
symmetry, this formulation can be written in terms of E . We show that Rab¯ ≡ eMaRMNeN b¯ exactly
coincides with −Kab¯ given by (1.6) after appropriate gauge fixing of the local GL(D,R) ×GL(D,R)
symmetry. Finally using the gauge transformation property of a generalized tensor, which is given by
the generalized Lie derivatives Lˆξ, we find another way to derive the gauge transformation (1.9) of Kpq.
For many derivations in this paper, the invariances of the theory play crucial roles. The O(D,D)
invariance of the action directly gives the result that Kpq is O(D,D) covariant. The gauge transfor-
mation of Kpq can be derived from the gauge invariance of the action. Even in the generalized metric
formulation, gauge invariance is a key to understand that RMN is a generalized tensor.
2 E-variation of Double Field Theory Action
In this section we start with the review of early works to provide definitions and formulas that we
need for the rest of this paper. We then vary the double field theory action with respect to E to obtain
Kpq, whose explicit form was given in (1.6). Kpq is defined by varying the action with respect to Epq
as follows:
δES =
∫
dxdx˜ e−2dδEpqKpq . (2.1)
Then Kpq is defined by lowering indices of Kpq with gij , i.e. Kpq ≡ gpkgqlKkl. The O(D,D) covariance
of this tensor Kpq will be shown from the O(D,D) invariance of the action and from the theorem about
the general O(D,D) structure of the E-variation of an O(D,D) tensor. We conclude this section by
displaying the relation of Kpq to the Ricci tensor.
2.1 Review of previous works
Following the early work of Tseytlin [8] and Siegel [9, 10], the work in [2] constructed the perturbative
double field theory action up to cubic order. By imposing the strong version of the constraint, it was
pointed out in [3] that the gauge algebra of double field theory reduces to the Courant bracket and
more recent work in [4] provided the fully background-independent double field theory action. The
most recent paper [5] introduced the generalized metric formulation and found much simpler expres-
sions for the double field theory action and the Ricci-like tensor. Some definitions and formulas needed
for the rest of this paper will be displayed below.
To achieve background independence, the strong version of the constraint was imposed [4]: ∂M∂M
kills all possible products of fields and gauge parameters in the theory i.e. ∂M∂M (AB) = 0 for any A
and B.3 The constraint is equivalent to ∂MA∂MB = 0 and this can be written in terms of calligraphic
derivatives as follows:
DiADiB = D¯iAD¯iB. (2.2)
3By imposing this constraint, the field space is truncated into the null subspace of double field theory and the gauge
symmetry reduces to diffeomorphism and b-field gauge transformations on that subspace.
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We mentioned that there are two different types of indices transforming differently under the O(D,D)
transformation. More generally an O(D,D) tensor with lower indices Ti1···ip,j¯1···j¯1 transforms as follows:
Ti1···ip,j¯1···j¯q(X) =Mi1
k1 · · ·MipkpM¯j¯1 l¯1 · · · M¯j¯q l¯qT ′k1···kp,l¯1···l¯q(X
′) , (2.3)
and an O(D,D) tensor with upper indices U i1···ip,j¯1···j¯q transforms as
U i1···ip,j¯1···j¯q(X) = U ′k1···kp,l¯1···l¯q (X ′) (M−1)k1
i1 · · · (M−1)kp ip(M¯−1)l¯1 j¯1 · · · (M¯−1)l¯q j¯q . (2.4)
Here M and M¯ are defined by
M(X) ≡ dt − E(X)ct , M¯(X) ≡ dt + E t(X)ct . (2.5)
While the matrices M and M−1 depend on X (not X ′), this dependence is omitted in (2.3) and (2.4).
We will not display the X dependence of M and M−1 explicitly throughout the paper.
In [5] the double field theory action (1.1) is rewritten in terms of the generalized metric H and
the dilaton d. The action in this formulation is given by
S =
∫
dxdx˜ e−2d
(
1
8
HMN∂MHKL∂NHKL − 1
2
HMN∂NHKL∂LHMK
−2∂Md∂NHMN + 4HMN∂Md∂Nd
)
.
(2.6)
The explicit form of H is written as
HMN =
(
gij −gikbkj
bikg
kj gij − bikgklblj
)
. (2.7)
KMN is defined by varying the action with respect to H:
δHS =
∫
dxdx˜ e−2dδHMNKMN . (2.8)
The explicit form of KMN is given by [5]
KMN = 1
8
∂MHKL∂NHKL − 1
4
(∂L − 2(∂Ld))(HLK∂KHMN ) + 2∂M∂Nd
−1
2
∂(MHKL∂LHN)K +
1
2
(∂L − 2(∂Ld))(HKL∂(MHN)K +HK (M∂KHLN)) ,
(2.9)
where indices are lowered and raised with the constant O(D,D) invariant metric ηMN =
(
0 1
1 0
)
.
H is a constrained field satisfying HηH = η−1. By implementing the constraint for H in the variation
(2.8), RMN is defined by (4.57) of [5] (in matrix form):
R ≡ 1
4
(1− St)K(1 + S) + 1
4
(1 + St)K(1 − S) . (2.10)
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A generalized tensor AM
N is defined in [5] to have the following gauge transformation properties:
δξAM
N = LˆξAMN , (2.11)
where the generalized Lie derivatives Lˆ are defined as follows:
LˆξAMN ≡ ξP∂PAMN + (∂M ξP − ∂P ξM )APN + (∂N ξP − ∂P ξN )AMP . (2.12)
The definitions and formulas in the vielbein formulation will be introduced in section 5 since they are
only needed in the last parts of the section.
2.2 O(D,D) covariance of Kpq
T-duality is the well-known global symmetry of closed string theory on a torus. This symmetry be-
comes enlarged to a continuous O(D,D) symmetry for the massless subsector that we are considering.
The O(D,D) symmetry is implemented in the double field theory action (1.1). Here we demonstrate
the O(D,D) covariance of Kpq using the O(D,D) invariance of the double field theory action.
For some given background field E , one can define an arbitrary variation δE such that E ′ = E + δE .
Consider an O(D,D) transformation h as follows:
h =
(
a b
c d
)
:
E → Eh = (aE + b)(cE + d)−1 , E ′ → E ′h = (aE ′ + b)(cE ′ + d)−1 ,
X → Xh = hX , d→ dh = d .
(2.13)
While Epq is not an O(D,D) covariant object, the variation δEpq is. [4] We can thus use (2.3) for the
O(D,D) transformation of δE as follows:
δEh(Xh) ≡ E ′h(Xh)− Eh(Xh) =M−1δE(X)(M¯ t)−1 . (2.14)
The definition of Kpq (2.1) gives
S[E ′, d]− S[E , d] =
∫
dxdx˜ e−2dδEpqKpq =
∫
dxdx˜ e−2d Tr
[(
δE(X))tK(X)] . (2.15)
Under the O(D,D) transformation h, K transforms to Kh. Then the following equality holds for the
transformed action:
S[E ′h, d] − S[Eh, d] =
∫
dxhdx˜h e
−2d Tr
[(
δEh(Xh)
)tKh(Xh)]
=
∫
dxhdx˜h e
−2d Tr
[
M¯−1
(
δE(X))t(M t)−1Kh(Xh)] . (2.16)
The O(D,D) invariance implies that the left hand side of (2.15) and (2.16) are equal. Since dxdx˜ =
det[h]dxhdx˜h = dxhdx˜h (measure is invariant under the O(D,D) transformation), this equality gives
0 =
∫
dxdx˜ e−2d Tr
[(
δE(X))tK(X) − M¯−1(δE(X))t(M t)−1Kh(Xh)]
=
∫
dxdx˜ e−2d Tr
[(
δE(X))t{K(X) − (M t)−1Kh(Xh)M¯−1}] (2.17)
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Since δE is arbitrary, this shows the O(D,D) covariance of K:
K(X) = (M t)−1Kh(Xh)M¯−1 . (2.18)
The first index of Kpq transforms with M−1 and the second index transforms with M¯−1. With (2.4)
we conclude that Kpq is an O(D,D) tensor with two upper indices, where the first index is unbarred
while the second index is barred. From the definition, Kpq is obtained by lowering indices of Kpq with
gij , hence Kpq is also an O(D,D) covariant tensor, with the first index unbarred and the second index
barred.
2.3 Alternative explanation of O(D,D) covariance
The E-variation of an O(D,D) tensor is generally not an O(D,D) tensor. This can be seen from the
following simple example:
δEDid = −δEik∂˜kd = 1
2
δEik(Dkd− D¯kd) , (2.19)
where the underlined term is O(D,D) non-covariant because of the inappropriate contraction between
a barred and an unbarred index. However, an object resulting from the E-variation of an O(D,D)
tensor has some general O(D,D) structure. In this section a theorem on the general O(D,D) structure
of E-variations will be proven. The O(D,D) covariance of Kpq follows from this theorem. A detailed
proof of the theorem can be found in Appendix B.
Theorem. The E-variation of any O(D,D) tensor T (with both upper and lower indices) has the
following O(D,D) structure:
δET
i′1i
′
2···i
′
n′
i1i2···in
=
∑
all unbarred
lower indices k
1
2
δEkq gql T{k→l} +
∑
all barred
lower indices k
1
2
δEpk gpl T{k→l}
−
∑
all unbarred
upper indices k
1
2
δEpq gqk T {k→p} −
∑
all barred
upper indices k
1
2
δEpq gpk T {k→q} +
(
O(D,D)
)
,
(2.20)
where T{k→l} is the tensor T with the lower index k replaced by the index l and T
{k→l} is the tensor
T with the upper index k replaced by the index l. The sums above are O(D,D) non-covariant terms.
The term
(
O(D,D)
)
represents O(D,D) covariant terms. 4
Proof. See Appendix B.
This theorem states that the E-variation of an O(D,D) covariant tensor generally has O(D,D) non-
covariant terms. Since there is no index for an O(D,D) scalar, by the theorem, the E-variation of an
O(D,D) scalar does not have any O(D,D) non-covariant term. This leads to the following corollary:
Corollary. The E-variation of any O(D,D) scalar is an O(D,D) scalar.
4One feature of this theorem is that non-covariant terms are invariant under the Z2 transformation (1.5) if the tensor
T is invariant under Z2 transformation. In case T does not have the Z2 symmetry, the structure of non-covariant terms
is still preserved.
7
The Lagrangian L of the double field theory is an O(D,D) scalar thus the E-variation of the Lagrangian
must be an O(D,D) scalar. The direct E-variation of the Lagrangian L takes the following form:
δEL = δEpqT pq0 +∇i(δEpq)T ipq1 + ∇¯i(δEpq)T ipq2 . (2.21)
Since δEpq,∇i(δEpq), and ∇¯i(δEpq) are linearly independent and the sum of the terms above is O(D,D)
covariant, each Tk for k = 0, 1, 2 must be separately O(D,D) covariant. The definition (2.1) of Kpq
requires the integration by parts for the second and the third terms in (2.21). The above E-variation
of the Lagrangian can thus be rewritten as
δEL = δEpq
[
T
pq
0 −∇iT ipq1 − ∇¯iT ipq2 +
1
2
D¯kEikT ipq1 +
1
2
DkEkiT ipq2
]
+ (total derivatives) , (2.22)
where each term within the brackets is an O(D,D) tensor. The object in brackets is, in fact, Kpq thus
we conclude that Kpq is an O(D,D) covariant tensor. The O(D,D) covariance of gij then leads to the
result that Kpq is an O(D,D) tensor. Furthermore, since each term of the action (either (1.1) or the
Z2-symmetrized action (2.23)) is an O(D,D) scalar, the E-variation of each term should separately
yield O(D,D) covariant terms. This can be explicitly seen in Appendix A.
The origin of O(D,D) non-covariant terms in the E-variation of an O(D,D) tensor is from the vari-
ation of the inverse metric gij , calligraphic derivatives D, D¯, and covariant derivatives ∇, ∇¯. Hence
it follows that the d-variation of an O(D,D) tensor does not yield such O(D,D) non-covariant terms.
These properties of the E-variation and the d-variation of an O(D,D) tensor will be used in section 4
to check the form of the gauge transformation of Kpq.
2.4 Calculation of Kpq
The manifestly Z2 symmetric form of the action (1.1) can be written as follows:
S =
∫
dxdx˜ e−2d
[
− 1
4
gikgjl
(1
2
DpEklDpEij +
1
2
D¯pEklD¯pEij
)
+
1
4
gkl(DjEikDiEjl
+ D¯jEkiD¯iElj) + (Did D¯jEij + D¯id DjEji) + 2(Did Did+ D¯id D¯id)
]
.
(2.23)
This action is equivalent to (1.1) using the constraint (2.2). The E-variation of the action (2.23) gives:
Kpq = 1
4
gipgjq(∇sDsEij + ∇¯sD¯sEij − 2∇sDiEsj − 2∇¯sD¯jEis)− gpigqj(∇¯jDid+∇iD¯jd)
+
1
4
gplgjk(D¯qEljDiEik + 1
2
D¯qEikDiElj) + 1
4
gqlgjk(DpEjlD¯iEki + 1
2
DpEkiD¯iEjl)
− 1
4
gpkgql(D¯jEilDiEkj +
1
2
D¯iEjiDjEkl +
1
2
D¯iEklDjEji)−
1
4
gikgjlD¯qEijDpEkl ,
(2.24)
using the integration by parts. This Kpq is equivalent to that obtained from the E-variation of the
action (1.1). To see this more clearly, consider the constraint (2.2). By taking the E-variation on both
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sides, one obtains
δE
(
DiADiB
)
= Di
(
δEA
)DiB +DiADi(δEB)− 1
2
δEpq
[
DpAD¯qB + D¯qADpB
]
, (2.25)
δE
(
D¯iAD¯iB
)
= D¯i
(
δEA
)D¯iB + D¯iAD¯i(δEB)− 1
2
δEpq
[
DpAD¯qB + D¯qADpB
]
, (2.26)
which are equivalent up to the constraint. This justifies the equivalence of Kpq obtained from the
actions (1.1) and (2.23).
Under the Z2 transformation, Kpq defined in (2.24) transforms as follows:
Kpq → Kqp ,
which implies that the field equation Kpq = 0 is Z2 invariant. This symmetry becomes manifest since
we have the following Z2 transformation properties of ∇ and ∇¯:
∇i → ∇¯i , ∇¯i → ∇i . (2.27)
We obtain (1.6) by lowering indices of (2.24) using gij , which concludes the determination of Kpq. All
detailed calculations are included in Appendix A.
From the arguments in section 2.2 and 2.3, Kpq given in (2.24) is an O(D,D) covariant tensor. More-
over, it can be easily seen that each term in Kpq is manifestly O(D,D) covariant. This is due to
the contractions between appropriate indices i.e. contractions between barred (unbarred) indices and
barred (unbarred) indices respectively.
When there is no x˜ dependence, Kpq should reduce to an object which transforms covariantly under
diffeomorphisms in a conventional GR setup. With some lengthy calculation, we obtain the following
explicit form in this limit:
Kpq
∣∣∣
∂˜=0
=
[
−Rpq + 1
4
Hp
rsHqrs − 2∇p∇qφ
]
+
[
1
2
∇sHspq −Hspq∇sφ
]
, (2.28)
where Rpq is the Ricci tensor, Hijk ≡ 3∂[ibjk] is the field strength, and φ is the scalar dilaton. Note
that the terms in the first square bracket are symmetric under the exchange of p and q, while the
terms in the second square bracket are antisymmetric under the same exchange of indices.
3 Bianchi Identities and Equations of Motion
A contracted Bianchi identity can be derived in a few different ways. One derivation is starting from
the Bianchi identity of the Riemann curvature tensor and then contracting it. Since we have no notion
of a Riemann-type tensor in double field theory so far, we will use another way to derive a Bianchi
identity, which uses the gauge symmetry of the action.
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The equations of motion in double field theory are simply R = 0 and Kpq = 0: the former is the
equation of motion for dilaton d and the latter is the equation of motion for E . Since R was explicitly
derived in [4] and the limit case of no x˜ dependence was investigated in the same paper, we will focus
on Kpq especially in the limit of no x˜ dependence. Our results in the limit of no x˜ dependence will be
compared with those in a conventional GR setup, which can be found in Appendix C.
3.1 Derivation of Bianchi identities
Bianchi identities in double field theory can be derived from the gauge symmetry of the action (1.1).
The gauge transformations of E and d are given by the following manifestly O(D,D) covariant form:
δEij = ∇iη¯j + ∇¯jηi , (3.1)
δd = −1
4
(
∇i − 1
2
(D¯pEip + 4Did)
)
ηi − 1
4
(
∇¯i − 1
2
(DpEpi + 4D¯id)
)
η¯i , (3.2)
where ηi ≡ −ξ˜i + Eijξj and η¯i ≡ ξ˜i + Ejiξj . Note that in the limit of no x˜ dependence, these gauge
transformations reduce to the gauge transformations (C.3) in General Relativity. The statement of
gauge invariance is as follows:
S[E + δE , d + δd] = S[E , d] , (3.3)
where δE and δd are given by (3.1) and (3.2), respectively.
The variation of the double field theory action (1.1) is
δS = δES + δdS =
∫
dxdx˜ e−2dδEpqKpq +
∫
dxdx˜ e−2d(−2δd)R
=
∫
dxdx˜ e−2d
[{
∇¯qηpKpq + 1
2
(
∇p − 1
2
(D¯qEpq + 4Dpd)
)
ηpR
}
+
{
∇pη¯qKpq + 1
2
(
∇¯q − 1
2
(DpEpq + 4D¯qd)
)
η¯qR
}]
.
(3.4)
Then using the integration by parts we obtain the following:
δS =
∫
dxdx˜ e−2d
[
− ηp
{(
∇¯q − 1
2
gqs(DrErs + 4D¯sd)
)
Kpq + 1
2
DpR
}
−η¯q
{(
∇p − 1
2
gps(D¯rEsr + 4Dsd)
)
Kpq + 1
2
D¯qR
}]
.
(3.5)
From the gauge invariance principle (3.3), the above variation should vanish for arbitrary gauge pa-
rameters η and η¯. Since η and η¯ are independent, this yields the two independent Bianchi identities
given in (1.10) and (1.11), which have forms similar to the contracted Bianchi identity in Appendix
C.
3.2 The limit of no x˜ dependence
Here we first compare our equations of motion in the limit of no x˜ dependence with those in a
conventional GR setup. In this limit, the calligraphic derivatives defined in (1.2) simplify as
Di = D¯i = ∂i . (3.6)
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The equation of motion for E in the limit of no x˜ dependence is obtained by taking (2.28) to be zero.
It is easy to see that this equation of motion is covariant under diffeomorphisms. Since the terms in
the first square bracket are symmetric and the terms in the second square bracket are antisymmetric,
the first and second square brackets should vanish separately.
In this limit the O(D,D) Ricci-like scalar is given in [4] as follows:
R
∣∣∣
∂˜=0
= R+ 4(∇i∇iφ− (∂φ)2)− 1
12
H2 . (3.7)
Thus the equations of motion of double field theory in the limit of no x˜ dependence are summarized
as
Rij − 1
4
Hi
pqHjpq + 2∇i∇jφ = 0 ,
1
2
∇pHpij −Hpij∇pφ = 0 ,
R+ 4(∇i∇iφ− (∂φ)2)− 1
12
H2 = 0 .
(3.8)
In this limit, it can be directly seen from Appendix C that the second and third equations of motion
given in (3.8) are exactly the same as those for the antisymmetric tensor bij and the scalar φ of General
Relativity, respectively. However, the first equation in (3.8) is different from the equation of motion
for gij in Appendix C. This difference originates from the definition of a density in double field theory
as compared to General Relativity. Since e−2d ≡ √−ge−2φ, the gij-variation gives some extra terms
in General Relativity due to the
√−g factor in front of the exponential term. Due to this fact, a
linear combination of the equations of motion for gij and φ yields exactly our first equation in (3.8)
as follows: [
Rij − 1
2
gijR+ 2
(
− gij∇2φ+∇i∇jφ+ gij(∂φ)2
)
− 1
4
(
Hi
pqHjpq − 1
6
gijH
2
)]
+
1
2
gij
[
R+ 4
(
∇2φ− (∂φ)2
)
− 1
12
H2
]
= Rij + 2∇i∇jφ− 1
4
Hi
pqHjpq = 0 .
(3.9)
Now we can take this limit for the Bianchi identities of O(D,D) tensors (1.10) and (1.11). With no
x˜-dependence these Bianchi identities respectively reduce to
1
2
[
∇p∇sHspq +
(1
2
Hp
rs∇pHqrs − 1
12
∇qH2
)]
+
(
−∇pRpq + 1
2
∇qR
)
= 0 , (3.10)
1
2
[
∇q∇sHspq +
(1
2
Hq
rs∇qHprs − 1
12
∇pH2
)]
+
(
−∇qRpq + 1
2
∇pR
)
= 0 . (3.11)
The first terms in (3.10) and (3.11) vanish from the symmetries of the Ricci tensor and the Riemann
curvature tensor as follows:
∇i∇jHijk =
1
2
[∇i,∇j ]Hijk =
1
2
[∇i,∇j]H ijk
=
1
2
[
RilijH
lj
k +R
j
lijH
il
k +RklijH
ijl
]
= 0 ,
(3.12)
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where the first term and the second term in the last line vanish due to the symmetric property of
Ricci tensor, while the last term in the last line vanishes due to the Bianchi identity of the Riemann
curvature tensor, Rl[ijk] = 0.
The second and third term in (3.10) cancel each other from the Bianchi identity of H-field as fol-
lows:
0 = Hprs∇[pHrsq] =
3
4
(
Hprs∇pHqrs − 1
6
∇qH2
)
, (3.13)
where the square bracket for indices means antisymmetrization. The same cancellation applies to
(3.11).
The Bianchi identities (3.10) and (3.11) in the limit of no x˜ dependence then reduce to
∇iRij − 1
2
∇jR = 0 , (3.14)
which is the contracted Bianchi identity in General Relativity.
4 Gauge transformation of Kpq
The O(D,D) tensor Kpq derived in (2.28) has unusual gauge transformation properties. In this sec-
tion we again use the gauge invariance of the double field theory action (1.1) to obtain the gauge
transformation of Kpq. Then we offer some remarks on the gauge transformation of Kpq. The gauge
transformation of Kpq is also discussed in the next section using the generalized metric formulation.
4.1 Gauge transformation from the gauge invariance principle
Consider the gauge transformation with gauge parameters ξ and ξ˜. From [4] we have the following
gauge transformation of E :
δGEij = ∂iξ˜j − ∂j ξ˜i + LξEij + Lξ˜Eij + Eik(∂˜qξk − ∂˜kξq)Eqj , (4.1)
which is equivalent to the first equation in (1.4). Here δG is used to distinguish the gauge transforma-
tion from an arbitrary variation δ, which appears later. Now define T kq ≡ ∂˜qξk − ∂˜kξq such that the
above gauge transformation of E can be written as
δGEij = ∂iξ˜j − ∂j ξ˜i + LξEij + Lξ˜Eij + EikT kqEqj . (4.2)
Consider an infinitesimal variation δE for some background field E such that E ′ = E + δE . The
statement of gauge invariance implies,
δG
(
S[E ′, d]− S[E , d]
)
= 0 , (4.3)
which can be rewritten as follows:
δG
[ ∫
dxdx˜ e−2dδEpqKpq
]
=
∫
dxdx˜
[
δG
(
e−2d
)
δEpqKpq + e−2dδG
(
δEpqKpq
)]
= 0 . (4.4)
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It can be easily seen that (4.4) holds if δG(δEpqKpq) = ξM∂M (δEpqKpq) since e−2d transforms as a
density under gauge transformation. Since the gauge transformation δG is a linear operation, we have
δG
(
δEpqKpq
)
= δG
(
δEpq
)
Kpq + δEpqδGKpq . (4.5)
Then one can write δGKpq as
δGKpq = δˆKpq + θpq , (4.6)
where δˆKpq is the part of the transformation that gives the desired result for δG(δEpqKpq):
δG
(
δEpq
)
Kpq + δEpq δˆKpq = ξM∂M
(
δEpqKpq
)
. (4.7)
Using this decomposition, (4.5) gives
δG
(
δEpqKpq
)
= ξM∂M
(
δEpqKpq
)
+ δEpqθpq , (4.8)
where θpq, on account of (4.4), should satisfy∫
dxdx˜ e−2dδEpqθpq = 0 . (4.9)
Since δE is arbitrary θpq must vanish. This finally shows that the gauge transformation of Kpq is
given by
δEpqδGKpq = ξM∂M
(
δEpqKpq
)
− δG
(
δEpq
)
Kpq . (4.10)
From (4.2) the gauge transformation of δEpq is
δG
(
δEpq
)
= δG
(
E ′pq − Epq
)
= LξδEpq + Lξ˜δEpq + δEpkT klElq + EpkT klδElq . (4.11)
Thus one can write
δEpqδGKpq = ξM∂M
(
δEpqKpq
)
−
[
LξδEpq + Lξ˜δEpq + δEpkT klElq + EpkT klδElq
]
Kpq . (4.12)
From ξM∂M (δEpqKpq) = Lξ(δEpqKpq) + Lξ˜(δEpqKpq), one obtains
δEpqδGKpq = δEpq
[
LξKpq + Lξ˜Kpq − T qlElkKpk − T kpElkKlq
]
. (4.13)
Then we find the gauge transformation of Kpq as follows:
δGKpq = LξKpq + Lξ˜Kpq − T qlElkKpk − T kpElkKlq . (4.14)
Given the gauge transformation of Kpq, it is straightforward to derive the gauge transformation of Kpq
once we know the gauge transformation of gij . The gauge transformation of gij =
1
2(Eij + Eji) can be
directly calculated from the gauge transformation of Eij (4.2), as follows:
δGgij = Lξgij + Lξ˜gij +
1
2
(
EikT kqEqj − EkiT kqEjq
)
, (4.15)
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where the property T kq = −T qk is used. Finally we find the gauge transformation of Kpq from the
definition Kpq = gpiKijgjq. The result is given by
δGKpq = δGgpiKijgjq + gpiδGKijgjq + gpiKijδGgjq
= LξKpq + Lξ˜Kpq + EpkT klKlq + ElqT klKpk .
(4.16)
Thus the full gauge transformation of Kpq is given by
δGKpq = LξKpq + Lξ˜Kpq + Epk(∂˜lξk − ∂˜kξl)Klq + Elq(∂˜lξk − ∂˜kξl)Kpk . (4.17)
We explicitly checked the gauge transformation of Kpq with both perturbative calculations and non-
perturbative calculations (along the lines of section 4.2 of [4]). From the perturbative calculation, we
obtained the same result (4.17) up to second order in gauge parameters and fields. Non-perturbative
calculation provided the verification that a few terms in (1.6) have the gauge transformation property
given by (4.17).
4.2 Properties of gauge transformation of Kpq
In the limit of no x˜ dependence, the gauge transformation (4.17) of Kpq reduces to
δGKpq
∣∣∣∣
∂˜=0
= LξKpq
∣∣∣∣
∂˜=0
. (4.18)
Hence, as expected Kpq reduces to a covariant tensor under diffeomorphisms.
Now (4.17) can be written in terms of O(D,D) covariant derivatives and parameters. O(D,D) covari-
ant gauge parameters are defined as follows:
ηi ≡ −ξ˜i + Eijξj , η¯i ≡ ξ˜i + Ejiξj , (4.19)
where η transforms covariantly under the O(D,D) transformation with unbarred index while η¯ trans-
forms covariantly with barred index. The gauge transformation (4.17) of Kpq can be rewritten in terms
of η, η¯, ∇, and ∇¯ as
δGKpq = 1
2
(η · ∇+ η¯ · ∇¯)Kpq + 1
2
(∇¯qη¯k − ∇¯kη¯q)Kpk + 1
2
(∇pηk −∇kηp)Kkq
+
1
2
gkl(∇¯qηl +∇lη¯q)Kpk +
1
2
gkl(∇pη¯l + ∇¯lηp)Kkq ,
(4.20)
where underlined terms violate the O(D,D) covariance hence δGKpq is not O(D,D) covariant.
From the gauge transformation (3.2) of the dilaton, one can manifestly see that δd is an O(D,D)
scalar. Thus terms in δGKpq related to the gauge transformation of d are O(D,D) covariant. These
terms are included in the first line of (4.20). Then underlined terms in (4.20), which are not O(D,D)
covariant, are from the gauge transformation of E , which is given in (3.1). Thus O(D,D) non-covariant
terms in (4.20) can be written as follows:
δGKpq =
(
O(D,D) covariant terms
)
+
1
2
gklδElqKpk + 1
2
gklδEplKkq , (4.21)
which is consistent with the theorem in section 2.3.
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5 Generalized metric formulation
The work in [5] describes the background independent double field theory [4] using the generalized
metric H. The action is defined in (2.6) and its H-variation KMN is given in (2.9). By carefully
varying the action with respect to H, preserving the constraint for H, RMN is defined by (2.10) whose
vanishing is the equation of motion for the field HMN . Since this generalized metric formulation is
just a different description of the work in [4] with the same constraint, KMN and RMN must be closely
related to our Kpq. This relation is more clear in the vielbein formulation of Siegel [9, 10] as elaborated
in [5]. In this formulation the frame field eMA was introduced to define frame components of a tensor
with the usual vector indices M,N, · · · . By fixing the GL(D,R) ×GL(D,R) symmetry of the frame
field, the generalized metric formulation with H can be written in terms of Eij .
We will first start with the gauge transformation properties of KMN and RMN and show that RMN
is a generalized tensor. Then we will prove the equivalence (up to a sign) between Rab¯ ≡ eMa RMNeNb¯
and our Kab¯ defined in (1.6) after gauge-fixing the GL(D,R) ×GL(D,R) symmetry. Finally we give
another derivation of the gauge transformation of Kpq using the gauge transformation properties of a
generalized tensor.
5.1 Proof that RMN is a generalized tensor from gauge invariance principle
Here we first investigate the gauge transformation property of KMN then prove that RMN is a general-
ized tensor from this property. Consider background fieldsH′ andH which are related byH′ = H+δH.
The gauge invariance of the action (2.6) implies
δξ
[
S[H′, d]− S[H, d]
]
= δξ
∫
dxdx˜ e−2dδHMNKMN = 0 , (5.1)
where δξ denotes gauge transformations in this formulation.
Now the gauge transformation property of H is given by the following:
δξHMN = LˆξHMN =⇒ δξ
(
δHMN
)
= Lˆξ
(
δHMN
)
, (5.2)
where a generalized Lie derivative Lˆξ is defined in (2.12).
Consider an object W in the generalized metric formulation. The gauge transformation of W can be
decomposed into two parts: one corresponding to a generalized Lie derivative and the other being
additional terms. This can be written as
δξW = LˆξW +∆ξW , (5.3)
so that W is a generalized tensor if and only if ∆ξW vanishes.
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Using the same decomposition, δξKMN = LˆξKMN +
(
∆ξK
)
MN
. Then (5.1) becomes
0 =
∫
dxdx˜
[
δξ
(
e−2d
)
δHMNKMN + e−2dδξ
(
δHMN
)
KMN + e−2dδHMNδξ
(
KMN
)]
=
∫
dxdx˜
[
δξ
(
e−2d
)
δHMNKMN + e−2dLˆξ
(
δHMNKMN
)
+ e−2dδHMN(∆ξK)MN
]
=
∫
dxdx˜e−2dδHMN(∆ξK)MN ,
(5.4)
where Lˆξ(δHMNKMN ) = ξL∂L(δHMNKMN ) and the gauge transformation property of e−2d as a
density are used for the first two terms in the second line of (5.4) to vanish. The constraint for δH is
given by the equation (4.52) of [5]:
δHMN = −SMP δHPQSNQ . (5.5)
From the definition of the matrix SMN ≡ HMN , by lowering indices using ηKM and ηLN , one obtains
δHMN
(
ηKMηLN +HKMHLN
)
= 0 . (5.6)
Thus, to satisfy (5.4), (∆ξK)MN must take the following form:(
∆ξK
)
MN
=
(
ηKMηLN +HKMHLN
)
T KL = TMN + SKMTKLSLN , (5.7)
for some tensor T . In the matrix form, this can be rewritten as(
∆ξK
)
= T + StT S . (5.8)
From this argument, KMN does not necessarily need to be a generalized tensor. With a detailed
calculation, we have verified that ∆ξK takes the form (5.8) with T given by
TMN = −1
4
∂M∂N (∂ · ξ) + 1
2
∂M∂Nξ · ∂d+ 1
4
(∂MHLP )HKN∂L(∂KξP − ∂P ξK)
− 1
2
HPM∂L∂P ξ · ∂HLN +
{
M ↔ N
}
.
(5.9)
Thus ∆ξK has the claimed form above.
Now we prove that RMN is a generalized tensor. This can be shown by verifying the following:
δξRMN = LˆξRMN ⇐⇒ ∆ξRMN = 0 , (5.10)
where ∆ξRMN is defined by the decomposition (5.3). Since δξSMN = LˆξSMN , ∆ξRMN is given by
∆ξR =
1
4
(1− St)∆ξK(1 + S) +
1
4
(1 + St)∆ξK(1 − S) , (5.11)
from the definition of RMN (2.10). Using S2 = 1 and the form of ∆ξK (5.8), we obtain the following
result:
∆ξR = 1
4
(1− St)
[
T + StT S
]
(1 + S) +
1
4
(1 + St)
[
T + StT S
]
(1− S) = 0 , (5.12)
which proves the statement that RMN is a generalized tensor.
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5.2 Explicit check of equivalence between Rab¯ and Kpq
The frame component Rab¯ of RMN is defined by (5.62) of [5]:
Rab¯ = eMaKMNeN b¯ . (5.13)
We will show thatRab¯ = −Kab¯, where Kab¯ is defined in (1.6), once the GL(D,R)×GL(D,R) symmetry
is gauge-fixed as follows:
eMA =
(
eia¯ eia
eia¯ e
i
a
)
=
(Eia¯ −Eai
δia¯ δ
i
a
)
. (5.14)
This gauge fixing enables us to compare the results in vielbein formalism with the results written in
terms of E . Here we will use the identities below. From (4.16) of [5], the generalized metric H can be
rewritten as follows:
HMN = eMieNjgij − ηMN . (5.15)
The calligraphic derivatives in the double field theory are given by
Da = eMa∂M , D¯a = eMa¯∂M , (5.16)
which is from (5.58) of [5].
Now using the above two identities with some amount of calculation, we obtain the following result
for all terms containing the dilaton d in (2.9):
eMa
[
2∂M∂Nd+
1
2
(∂Ld)(HLK∂KHMN )− (∂Ld)(HKL∂(MHN)K +HK (M∂KHLN))
]
eN b¯
= ∇aD¯bd+ ∇¯bDad .
(5.17)
These coincide (up to a sign) with the dilaton terms in (1.6). Other terms in (2.9) are calculated term
by term, which yields the following results:
1
8
eMa∂MHKL∂NHKLeN b¯ = −
1
4
gklgmnDaEkmD¯bEln , (5.18)
− 1
4
eMa∂L(HLK∂KHMN )eN b¯ = −
1
2
D¯kD¯kEab + 1
2
gijDkEaiD¯jb + 1
4
(DkEkl + D¯kElk)D¯lEab , (5.19)
− 1
2
eMa∂(MHKL∂LHN)KeN b¯ =
1
4
gkl(DaElqD¯qEkb + D¯bEqlDqEak) , (5.20)
1
2
eMa∂LHKL∂(MHN)KeN b¯ = −
1
4
gjl(D¯pElpDaEjb +DpEplD¯bEaj) , (5.21)
1
4
eMaHKL∂L∂MHNKeN b¯ =
1
4
DaDpEpb + 1
4
gjlD¯pEjbDaElp + 1
8
gjlDaEjb
(
D¯pElp −DpEpl
)
, (5.22)
1
4
eMaHKL∂L∂NHMKeN b¯ =
1
4
D¯bD¯pEap +
1
4
gjlDpEajD¯bEpl −
1
8
gjlD¯bEaj
(
D¯pElp −DpEpl
)
, (5.23)
1
2
eMa∂LHK (M∂KHLN)eN b¯ = −
1
2
DpEaqD¯qEpb , (5.24)
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eMaHKM∂L∂KHLNeN b¯ =
1
4
[
DaDpEpb − 1
2
gjlDaEjb
(
DpEpl + D¯pElp
)]
, (5.25)
1
4
eMaHKN∂L∂KHLMeN b¯ =
1
4
[
D¯bD¯pEap −
1
2
gjlD¯bEaj
(
DpEpl + D¯pElp
)]
. (5.26)
Then by summing up all the terms, one gets the following result:
Rab¯ = −
1
2
(∇¯sD¯sEab −∇sDaEsb − ∇¯sD¯bEas) + (∇¯bDad+∇aD¯bd)
−1
4
gjk(DaEjbD¯iEki +DaEkiD¯iEjb) + 1
4
(D¯jEibDiEaj + D¯iEabDjEji)
−1
4
gjkD¯bEajDiEik + 1
4
gikgjlD¯bEijDaEkl
= −Kab¯ ,
(5.27)
where K in the form of (A.9) is used. Since different forms of Kpq are equivalent up to the constraint,
Rab¯ defined in [5] is exactly our −Kab¯.
5.3 Gauge transformation of Kpq from generalized metric formulation
The gauge transformation (4.17) of Kpq was derived in section 4 using the gauge invariance of the
double field theory action (1.1). It was also explicitly checked from perturbative and non-perturbative
calculations. Since we showed that Rab¯ = −Kab¯ after gauge fixing, the gauge transformation of Kpq
can be derived from the gauge transformation property of Rab¯ in the generalized metric formulation.
Here the gauge transformation properties of Rab¯ will be investigated using the property that RMN is
a generalized tensor. From the definition of Rab¯ ≡ eMaRMNeN b¯, the gauge transformation of Rab¯ can
be written as
δRab¯ = δ
(
eMa
)
RMNeN b¯ + eMaδ
(
RMN
)
eN b¯ + e
M
aRMNδ
(
eN b¯
)
. (5.28)
Since RMN is a generalized tensor i.e. δRMN = LˆξRMN , the second term of (5.28) is determined.
Other terms can be obtained from the gauge transformation of the frame fields. One can write the
gauge and GL(D,R)×GL(D,R) transformations of the frame fields eMa and eN b¯ as follows:
δeMa = LˆξeMa + eMcΣca , (5.29)
δeN b¯ = LˆξeN b¯ + eN c¯Σc¯b¯ . (5.30)
We need δeia = δe
j
b¯ = 0 in order to preserve the gauge condition. Then the GL(D,R) parameters
become
Σca = Daξc − ∂˜cξ˜a + ∂˜cξkEak , (5.31)
Σc¯b¯ = D¯b¯ξc¯ − ∂˜ c¯ξ˜b¯ − ∂˜ c¯ξkEkb¯ . (5.32)
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Then with a little manipulation, the gauge transformation of Rab¯ can be calculated as follows:
δRab¯ =
(
LˆξeMa
)
RMNeN b¯ + eMa
(
LˆξRMN
)
eN b¯ + e
M
aRMN LˆξeN b¯
+ΣcaRcb¯ +Σc¯b¯Rac¯
= ξM∂MRab¯ +
(
Daξc − ∂˜cξ˜a + ∂˜cξkEak
)
Rcb¯ +
(
D¯b¯ξc¯ − ∂˜ c¯ξ˜b¯ − ∂˜ c¯ξkEkb¯
)
Rac¯
= LξRab¯ + Lξ˜Rab¯ + EakT kcRcb¯ + Ekb¯T ckRac¯
= LξRab¯ + Lξ˜Rab¯ + Eak(∂˜lξk − ∂˜kξl)Rlb¯ + Elb¯(∂˜lξk − ∂˜kξl)Rak¯ ,
(5.33)
which is the same as the gauge transformation of Kab¯ since Rab¯ = −Kab¯. This result from the
generalized metric formulation is another way to derive the gauge transformation of Kpq.
6 Conclusions
In this paper we have thoroughly investigated the invariances and equations of motion in background
independent double field theory [4]. The Ricci-like tensor Kpq has been derived from the E-variation
of the action (1.1) and is an O(D,D) covariant tensor. The gauge transformation of Kpq is given by
(4.17) and can be also written using O(D,D) covariant derivatives and parameters (4.20). However,
δKpq is not an O(D,D) covariant tensor. From the theorem we have constructed, it is a general result
that the gauge transformation of an O(D,D) tensor (not a scalar) is not an O(D,D) tensor.
Our results were compared with those in General Relativity. Contracted Bianchi identities in double
field theory, derived from the gauge invariance of the action, have a structure similar to that of General
Relativity. In the limit of no x˜ dependence, they exactly reduce to the Bianchi identity of General
Relativity. Similarly, the equations of motion R = 0 and Kpq = 0 reduce to those in a conventional
GR setup in this limit.
We examined the gauge transformation property of RMN and found that it is a generalized tensor us-
ing the gauge invariance of the action and the gauge transformation of KMN . Then we investigated the
equivalence between Rab¯ and Kab¯. Using these properties, we could derive the gauge transformation
of Kpq in the generalized metric formulation.
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A Explicit Calculation of Kpq
We will vary the action (2.23) with respect to E , starting from the last term of the action and proceed
in the reverse order. Note that all equalities are up to integration by parts here and the constraint
are used in a few places to simplify terms.
First by varying the last term of the action (2.23), one can obtain
δE (2e
−2dDid Did) = 2e−2d
[
δE(g
ij)DidDjd+ δEikgijDjd(Dkd− D¯kd)
]
= 2e−2d
[
δEpqDpdDqd+ δEpqDp(Dqd− D¯qd)d
]
= δEpqe−2d
[− 2Dpd D¯qd ] = δE(2e−2dD¯id D¯id) .
(A.1)
All other terms are varied in the same way, hence we do not display detailed calculation for other
terms. By varying the second and third term in the second line of (2.23), one finds
δE
[
e−2d(Did D¯jEij + D¯id DjEji)
]
= δEpqe−2d
[
− (∇¯qDpd+∇pD¯qd)− gqjDid DpEij
− gpiD¯jd D¯qEij + gpkgqlDsd DsEkl + 4Dpd D¯qd
]
,
(A.2)
To evaluate the rest terms now define
A ≡ e−2dgikgjlDpEklDpEij , A¯ ≡ e−2dgikgjlD¯pEklD¯pEij ,
B ≡ e−2dgklDjEikDiEjl , C ≡ e−2dgklD¯jEkiD¯iElj .
(A.3)
The variation of the above equations gives the following results:
δEA = δEpqe−2d
[
− 2gipgjq∇sDsEij − gplgjkD¯qEikDiElj + gpkgqlD¯jEilDiEkj
−gikgjlDpEklD¯qEij + gpkgqlD¯iEjiDjEkl + 4gpkgqlDsd DsEkl
]
,
(A.4)
δE A¯ = δEpqe−2d
[
− 2gipgjq∇¯sD¯sEij − gqlgjkDpEkiD¯iEjl + gpkgqlD¯jEilDiEkj
−gikgjlDpEklD¯qEij + gpkgqlD¯iEklDjEji + 4gpkgqlD¯sd D¯sEkl
]
,
(A.5)
δEB = δEpqe−2d
[
− 2gql∇jDpEjl − gikgjlDpEklD¯qEij − gklgjpD¯qEikDiEjl
+gklgjqDpEkiD¯iElj + gqlgjkD¯iEkiDpEjl + 4gqjDid DpEij
]
,
(A.6)
δEC = δEpqe−2d
[
− 2gpl∇¯jD¯qElj − gikgjlDpEklD¯qEij + gklgjpD¯qEikDiEjl
−gklgjqDpEkiD¯iElj + gplgjkDiEikD¯qElj + 4gpiD¯jd D¯qEij
]
.
(A.7)
Then the variation of the first four terms of (2.23) can be written as
1
4
[
− 1
2
(
δEA+ δE A¯
)
+ δEB + δEC
]
. (A.8)
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By combining (A.8), (A.1), and (A.2), one obtains (2.24).
In section 5.2 the verification of the equivalence Rab¯ = −Kab¯ used the following definition:
Kpq = 1
2
gipgjq(∇¯sD¯sEij −∇sDiEsj − ∇¯sD¯jEis)− gpigqj(∇¯jDid+∇iD¯jd)
+
1
4
gqlgjk(DpEjlD¯iEki +DpEkiD¯iEjl)−
1
4
gpkgql(D¯jEilDiEkj + D¯iEklDjEji)
+
1
4
gplgjkD¯qEljDiEik − 1
4
gikgjlD¯qEijDpEkl ,
(A.9)
which is the E-variation of the following action:
S =
∫
dxdx˜ e−2d
[
− 1
4
gikgjlD¯pEklD¯pEij +
1
4
gkl(DjEikDiEjl + D¯jEkiD¯iElj)
+(Did D¯jEij + D¯id DjEji) + 4Did Did
]
.
(A.10)
This action is equivalent to the actions (1.1) and (2.23) using the constraint, thus Kpq defined in (A.9)
is equivalent to that defined in (2.24).
B Proof of general O(D,D) structure of E-variation
Before starting the proof, note that the E-variation of Dd, D¯d, DE , D¯E , and gij satisfy the claimed
structure in the theorem; we have checked this explicitly. The proof consists of three steps:
Step I. First we will consider an O(D,D) tensor T only with lower indices (i.e. no contractions
of upper and lower indices or raised index with gij). Then we will show that the E-variation of T has
the following O(D,D) structure:
δETi1i2···in =
(
O(D,D) terms
)
+
∑
all unbarred
indices k
1
2
δEkqgqlT{k→l} +
∑
all barred
indices k
1
2
δEpkgplT{k→l} , (B.1)
where T{k→l} is the tensor T with index l substituted for index k.
Before starting the proof, note that one can always use a reordering operation for the indices of a
tensor T to define the following tensor:
T˜j1j2···jmj¯1j¯2···j¯l ≡ Ti1i2···in , (B.2)
where indices ik can be either unbarred or barred and m+ l = n. This reordering operation sends all
unbarred indices of T to the front. Then for this tensor T˜ , the formula (B.1) becomes
δE T˜j1···jmj¯1···j¯l =
∑
jk
1
2
δEjkqgqlT˜j1···jk−1 l jk+1···j¯l +
∑
j¯k
1
2
δEpj¯kgplT˜j1···j¯k−1 l j¯k+1···j¯l + · · · , (B.3)
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where dots indicate O(D,D) covariant terms. If the tensor Ti1i2···in only consists of Dd, D¯d, DE , and
D¯E , then the tensor automatically satisfy the formula (B.1). Now the only other possibility of forming
an O(D,D) tensor is to include covariant derivatives ∇ and ∇¯. We will prove that this type of tensor
also obeys the formula (B.1) by induction.
Suppose that a tensor T satisfies the formula (B.1). After reordering, consider the following vari-
ation:
δE∇iT˜j1j2···jmj¯1j¯2···j¯l =
(
δE∇i
)
T˜j1j2···jm j¯1j¯2···j¯l +∇i
(
δE T˜j1j2···jmj¯1j¯2···j¯l
)
, (B.4)
where (δE∇i) means the E-variation of the calligraphic derivative and Christoffel-like symbols in the
O(D,D) covariant derivative ∇. The variation (B.4) sums up to
δE∇iT˜j1j2···jmj¯1j¯2···j¯l =
(
O(D,D) terms
)
+
[
1
2
δEiqgql∇lT˜ +
∑
jk
1
2
δEjkqgql∇iT˜{jk→l}
]
+
∑
j¯k
1
2
δEpj¯kgpl∇iT˜{j¯k→l} ,
(B.5)
which satisfies the formula (B.3). Thus δE∇iT satisfies the formula (B.1) by reordering the indices.
For ∇¯, we can apply the same procedure and the results satisfy the formula (B.1).
Since T only consisting of Dd, D¯d, DE , and D¯E satisfies the formula (B.1), ∇iT also satisfies (B.1)
for such T . Then the E-variation of any O(D,D) tensor T only with lower indices satisfies (B.1) by
induction. Note that in this step we did not include any contraction between indices.
Step II. In this step we will show that any O(D,D) contraction (i.e. contraction with gij and
gi¯j¯) of the lower indices does not change the claimed structure. Here we will assume that a tensor T
with only lower indices satisfy the formula (B.1). Consider some O(D,D) contraction between two
indices of T . Using reordering operation, we can rearrange these two indices to be the first two indices.
Then the variation of this contraction gives (for unbarred indices and barred indices respectively)
δEg
ikT˜ikj1··· =
(
O(D,D) terms
)
+
∑
jk
1
2
δEjkqgql
(
gikT˜{jk→l}
)
+
∑
j¯k
1
2
δEpj¯kgpl
(
gikT˜{j¯k→l}
)
, (B.6)
δEg
ikT˜i¯k¯j1··· =
(
O(D,D) terms
)
+
∑
jk
1
2
δEjkqgql
(
gikT˜{jk→l}
)
+
∑
j¯k
1
2
δEpj¯kgpl
(
gikT˜{j¯k→l}
)
, (B.7)
which satisfy the formula (B.1). Note that since ∇gij = ∇¯gij = ∇gi¯j¯ = ∇¯gi¯j¯ = 0, any contraction
inside covariant derivatives does not affect this formula.
Step III. Here consider a general O(D,D) tensor T
i′1i
′
2···i
′
l′
i1i2···il
. Using a reordering operation, one can
define
T˜
k1k2···km′ k¯1k¯2···k¯n′
j1j2···jm j¯1j¯2···j¯n
≡ T i
′
1
i′
2
···i′
l′
i1i2···il
, (B.8)
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where ik, i
′
k can be either unbarred and barred and m+n = l, m
′+n′ = l′. This reordering operation
is defined in a similar way to (B.2). Then we can write this tensor as follows:
T˜
k1k2···km′ k¯1k¯2···k¯n′
j1j2···jmj¯1j¯2···j¯n
= gk1s1gk2s2 · · · gkm′ sm′gk¯1s¯1 · · · gk¯n′ s¯n′ T˜ ∗j1···jms1···sm′ j¯1···j¯ns¯1···s¯n′ . (B.9)
The variation of this tensor is given by
δE T˜
k1k2···km′ k¯1k¯2···k¯n′
j1j2···jmj¯1j¯2···j¯n
=
(
O(D,D) terms
)
+
∑
jk
1
2
δEjkqgqlT˜{jk→l} +
∑
j¯k
1
2
δEpj¯kgplT˜{j¯k→l}
−
∑
ki
1
2
δEpqgkiqT˜ {ki→p} −
∑
k¯i
1
2
δEpqgk¯ipT˜ {k¯i→q} .
(B.10)
By recovering the order of indices using reordering operation, one can easily see that this gives the
formula (2.20).
C Equation of motions and Bianchi identity in a conventional GR
setup
In a conventional GR setup, the action is written in terms of metric, H-field, and dilaton as
S =
∫ √−ge−2φ[R+ 4(∂φ)2 − 1
12
H2
]
. (C.1)
The variation of the action with respect to gij , bij, and φ are
δgS =
∫ √−ge−2φδgij[Rij − 1
2
gijR+ 2
(
− gij∇2φ+∇i∇jφ+ gij(∂φ)2
)
−1
4
(
Hi
pqHjpq − 1
6
gijH
2
)]
,
δbS =
∫ √−ge−2φδbij
[
1
2
∇pH ijp −H ijp∇pφ
]
,
δφS = −2
∫ √−ge−2φδφ[R+ 4(∇2φ− (∂φ)2)− 1
12
H2
]
.
(C.2)
The gauge transformations of gij , bij and φ are as follows, respectively:
δgij = −∇iξj −∇jξi , δbij = Hijkξk + ∂iξ˜j − ∂j ξ˜i , δφ = ξi∂iφ . (C.3)
Then using the integration by parts, the total variation of the action is
δS = −2
∫ √−ge−2φ
{
ξj
[(
∇iRij − 1
2
∇jR
)
+
1
2
(1
2
Hi
pq∇iHjpq − 1
12
∇jH2
)]
+ξ˜j
[
− 1
2
∇p∇qHpqj
]}
.
(C.4)
Using (3.12) and (3.13), this total variation gives the following Bianchi identity:
δS =
∫ √−ge−2φξj[∇iRij − 1
2
∇jR
]
= 0 ⇐⇒ ∇iRij − 1
2
∇jR = 0 . (C.5)
Note that the introduction of H-field and dilaton does not modify the Bianchi identity.
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